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Abstract: We compute the dominant logarithmically enhanced two-loop electroweak
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1 Introduction
High energy electron-positron or Bhabha scattering [1] is among the most important and
carefully studied processes in particle physics. It provides a very efficient tool for luminosity
determination at electron-positron colliders and thus mediates the process of extracting
physical information from the raw experimental data [2–4]. In particular it is crucial for the
high precision physics program at a future International Linear Collider (ILC). The small-
angle Bhabha scattering is particularly effective as a luminosity monitor while the large-
angle scattering is suggested as a tool to disentangle the luminosity spectrum at the ILC [5,
6]. Bhabha scattering involves stable charged leptons both in the initial and the final states
and, therefore, it can be measured experimentally with very high precision. On the theory
side it can be reliably computed order-by-order in perturbation theory. These properties
make Bhabha scattering an ideal “standard candle” for electron-positron colliders. Since
the theoretical accuracy directly affects the luminosity determination, remarkable efforts
have been devoted to the study of the radiative corrections. The one-loop corrections have
been known in the full electroweak theory for several decades [7]. Recently the calculation
of the two-loop QED corrections has been completed [9–20]. This result is sufficient for
the small-angle or low-energy process. For the large-angle scattering above the electroweak
scale the electroweak corrections become equally important and must be taken into account
to match the designed experimental accuracy of a few permill [8]. The full evaluation of
the electroweak two-loop corrections remains beyond the reach of available perturbative
techniques. However, once the center-of-mass energy
√
s is far larger than the electroweak
gauge boson massMW,Z , the cross section receives virtual corrections enhanced by powers of
“Sudakov” logarithm ln
(
s/M2W,Z
)
which dominate the two-loop corrections. Over the last
few years the electroweak Sudakov logarithms have been studied within different approaches
and the corresponding high-order corrections to various processes have been obtained [21–
34].
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In this paper we generalize the next-to-next-to-next-to-leading (N3LL) result of Ref. [30]
for the ff¯ → f ′f¯ ′ four-fermion annihilation process to Bhabha scattering. The result
includes all the two-loop logarithmically enhanced corrections. The quartic, cubic and
quadratic logarithms are obtained in full SUL(2) × UY (1) electroweak standard model,
while the linear logarithmic term is computed in a simplified SUL(2) theory sufficient for
the practical applications. In the next section we outline the approach and present the
analytical one- and two-loop results for the differential cross section in an SUL(2) model.
In Section 3 we present the numerical result for the cross section in full electroweak the-
ory. The main difference in respect to the analysis given in Ref. [30] is in the presence of
both annihilation and scattering contributions to the Bhabha cross section and in using
the electron mass as a collinear regulator for QED radiative corrections.
2 High-energy asymptotic of radiative corrections in SUL(2) model
We study the electron-positron scattering in the high-energy and wide-angle limit when
all the kinematical invariants are of the same order and far larger than the gauge boson
mass, |s| ∼ |t| ∼ |u|  M2Z,W . In this limit the asymptotic energy dependence of the field
amplitudes is dominated by Sudakov logarithms [35, 36] and governed by the evolution
equations [37–40]. The method of the evolution equations in the context of the electroweak
corrections is described in detail for the fermion pair production in Ref. [30]. The evolution
equations for the scattering (annihilation) amplitude are linear which results in the expo-
nentiation of the Sudakov logarithms. To outline the general structure of the corrections
let us for a moment neglect the hypercharge interaction and consider a spontaneously bro-
ken SUL(2) gauge model with the gauge boson of mass M and twelve massless left-handed
fermion doublets. This model retains the main features of the massive gauge boson sector
of the Standard Model. In this case the result can be presented in a simple analytical
form and constitutes the basis for the further extension to the full electroweak theory. The
amplitude can be factorized into the following form
A = ig
2(Q2)
Q2
F2A˜ , (2.1)
where g(µ2) is the SUL(2) coupling renormalized in MS scheme, Q is the Euclidean mo-
mentum transfer Q2 = −s for annihilation and Q2 = −t for the scattering process, F is
the electron vector form factor, and the reduced amplitude A˜ is a vector in an isospin and
chiral basis. The solution of the evolution equations read
F = F0(α(M2)) exp
{∫ Q2
M2
dx
x
[∫ x
M2
dx′
x′
γ(α(x′)) + ζ(α(x)) + ξ(α(M2))
]}
, (2.2)
A˜ = Pexp
[∫ Q2
M2
dx
x
χ(α(x))
]
A0(α(M2)) , (2.3)
where the perturbative functions F0(α), γ(α) etc. are given by a series in the coupling
constant α(µ2) = g2(µ2)/(4pi). By calculating the functions entering the evolution equa-
tions order by order in α one gets the logarithmic approximations for the amplitude. In
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the SUL(2) model with the degenerate Higgs and gauge boson mass the parameters of the
Eqs. (2.2,2.3) are known to the N3LL approximation which includes all the two-loop loga-
rithmic corrections [30]. By analytical continuation and crossing symmetry it is straightfor-
ward to find the electron-positron scattering and annihilation amplitudes for the physical
values of the Mandelstam variables and the corresponding contributions to the cross sec-
tion.
2.1 Differential cross section
The perturbative series for the Bhabha cross section is of the following form
dσ
dΩ
=
α2(s)
64s
(1− x)2
x2
[
x2
(
1 +
α
4pi
dσ
(1)
S +
α2
16pi2
dσ
(2)
S
)
+
(
1 +
α
4pi
dσ
(1)
T +
α2
16pi2
dσ
(2)
T
)
− 2x
(
1 +
α
4pi
dσ
(1)
ST +
α2
16pi2
dσ
(2)
ST
)]
+O(α3) . (2.4)
where the variable x = (1−cos θ)/2 is a function of the scattering angle θ, α ≡ α(M2), and
the annihilation S, scattering T , and interference ST contributions are given separately.
The coupling constant in the Born approximation is normalized at µ2 = s and can be
expanded as follows
α(s) = α
[
1− α
4pi
β0 ln
( s
M2
)
+
( α
4pi
)2 (
β20 ln
2
( s
M2
)
− β1 ln
( s
M2
))
+O(α3)
]
, (2.5)
with β0 = 19/6 and β1 = −35/6. The corrections can be further split according to the
power of the large logarithms
dσ(1) = dσ
(1)
2 ln
2
( s
M2
)
+ dσ
(1)
1 ln
( s
M2
)
+ dσ
(1)
0 ,
dσ(2) = dσ
(2)
4 ln
4
( s
M2
)
+ dσ
(2)
3 ln
3
( s
M2
)
+ dσ
(2)
2 ln
2
( s
M2
)
+ dσ
(2)
1 ln
( s
M2
)
+O(1) ,
(2.6)
where dσ
(j)
i are functions of x, dσ
(1)
2 corresponds to the one-loop leading logarithmic (LL)
correction, dσ
(1)
1 corresponds to the one-loop next-to-leading logarithmic (NLL) correction,
and so on. The high-energy asymptotic of the one-loop corrections reads
dσ
(1)
S 2 = −3 ,
dσ
(1)
S 1 = 9 + 2 ln(1− x)− 10 ln(x) ,
dσ
(1)
S 0 =
235
18
− 3pi2 + 5 ln(x)
1− x −
5(1− 2x) ln2(x)
2(1− x)2 , (2.7)
dσ
(1)
T 2 = −3 ,
dσ
(1)
T 1 = 9 + 2 ln(1− x) + 2 ln(x) ,
dσ
(1)
T 0 =
235
18
+ 2pi2 + 2 ln(1− x) ln(x)
+
(8 + 7x) ln(x)
3(1− x) +
5(2− 2x+ x2) ln2(x)
2(1− x)2 , (2.8)
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dσ
(1)
ST 2 = −3 ,
dσ
(1)
ST 1 = 9 + 2 ln(1− x)− 4 ln(x) ,
dσ
(1)
ST 0 =
235
18
− 1
2
pi2 + ln(1− x) ln(x)
+
(23 + 7x) ln(x)
6(1− x) +
5(1 + x2) ln2(x)
4(1− x)2 . (2.9)
By reexpanding the exponents (2.2, 2.3) one gets the two-loop logarithmic corrections which
are given by Eqs. (A.1-A.3) in the Appendix A. Eqs. (2.7, A.1) also give the corrections to
the differential cross section of the e+e− → µ+µ− process or, in general, of a different flavor
same-isospin fermion pair production. For the production of an opposite-isospin fermion
pair such as e+e− → νν¯ the one-loop coefficients read
dσ
(1)
S 2 = −3 ,
dσ
(1)
S 1 = 9− 10 ln(1− x) + 2 ln(x) ,
dσ
(1)
S 0 =
235
18
− 3pi2 − ln(x)
1− x +
(1− 2x) ln2(x)
2(1− x)2 , (2.10)
and the two-loop coefficients can be found in Appendix A.
2.2 Total annihilation cross section
The differential cross section of the pure annihilation process can be integrated over solid
angle to get the total cross section σ =
∑
n(α/4pi)
nσ(n), where σ(0) = piα2(s)/(48s) is the
total cross section in the Born approximation. The one- and two-loop corrections to the
total cross section are
σ(1) =
[
−3 ln2
( s
M2
)
+
80
3
ln
( s
M2
)
−
(
85
9
+ 3pi2
)]
σ(0) ,
σ(2) =
[
9
2
ln4
( s
M2
)
− 461
6
ln3
( s
M2
)
+
(
5875
18
+
37pi2
3
)
ln2
( s
M2
)
+
(
−16019
216
− 1637
18
pi2 − 122ζ(3) + 15
√
3pi + 26
√
3Cl2
(pi
3
))
ln
( s
M2
)]
σ(0)(2.11)
for e+e− → µ+µ−, and
σ(1) =
[
−3 ln2
( s
M2
)
+
26
3
ln
( s
M2
)
+
(
158
9
− 3pi2
)]
σ(0) ,
σ(2) =
[
9
2
ln4
( s
M2
)
− 137
6
ln3
( s
M2
)
−
(
451
9
− 37pi
2
3
)
ln2
( s
M2
)
+
(
24481
216
− 341
18
pi2 − 122ζ(3) + 15
√
3pi + 26
√
3Cl2
(pi
3
))
ln
( s
M2
)]
σ(0)(2.12)
for e+e− → νν¯ process. Here Cl2
(
pi
3
)
= 1.014942 . . . is the value of the Clausen function and
ζ(3) = 1.20206 . . . is the value of the Riemann zeta-function. Similar formulae have been
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derived in Refs. [25, 29, 30] for a model with six massless left-handed fermion doublets.1
Our choice of the fermionic content provides more accurate model of the electroweak theory
with three generations of fermions.
3 Two-loop electroweak corrections to Bhabha scattering
In the full electroweak standard model the gauge coupling depends on the electron chirality
and the cross section can be written as follows
dσ
dΩ
=
α2
4s
∑
I,J∈{L,R}
(
dσSIJ + dσ
T
IJ + 2 dσ
ST
IJ
)
, (3.1)
where the index I (J) stands for the initial (final) electron chirality, the MS SUL(2)
coupling constant α = αe/sin
2 θW is a ratio of the QED coupling constant αe an the weak
mixing angle θW normalized at µ = MW . In the Born approximation one has
dσSLL
(0)
=
(
1
4 +
t2W
4
)2
(1− x)2, dσSRR
(0)
= t4W (1− x)2, dσSLR
(0)
= dσSRL
(0)
=
t4W
4 x
2,
dσTLL
(0)
=
(
1
4 +
t2W
4
)2
(1−x)2
x2
, dσTRR
(0)
= t4W
(1−x)2
x2
, dσTLR
(0)
= dσTRL
(0)
=
t4W
4
1
x2
,
dσSTLL
(0)
= −
(
1
4 +
t2W
4
)2
(1−x)2
x , dσ
ST
RR
(0)
= −t4W (1−x)
2
x , dσ
ST
LR = dσ
ST
RL = 0 ,
(3.2)
where t2W ≡ tan2 θW . The total electroweak Born cross section of Bhabha scattering then
reads
dσBorn
dΩ
=
α2
64 s x2
(
(1− x)4(1 + t2W )2 + 8t4W (3− 8x+ 12x2 − 8x3 + 3x4)
)
. (3.3)
We replace the hypercharge coupling constant by α tan2 θW and consider a single-parameter
perturbative series for the cross section
dσ
dΩ
=
dσBorn
dΩ
+
α2
4 s x2
[
α
4pi
(
dσ
(1)
2 ln
2
(
s
M2W
)
+ dσ
(1)
1 ln
(
s
M2W
)
+ dσ
(1)
0
)
+
( α
4pi
)2(
dσ
(2)
4 ln
4
(
s
M2W
)
+ dσ
(2)
3 ln
3
(
s
M2W
)
+dσ
(2)
2 ln
2
(
s
M2W
)
+ dσ
(2)
1 ln
(
s
M2W
)
+O(1)
)
+O(α3)
]
. (3.4)
The analysis of Sudakov logarithms in electroweak standard model with the spontaneously
broken SUL(2) × UY (1) gauge group is similar to the treatment of the pure SUL(2) case
considered in the previous section. The main difference is in the presence of the massless
photon. The photon contribution to the virtual corrections results in the QED Sudakov
logarithms of the form lnQ2/λ2 and lnQ2/m2f , where mf is a light fermion mass and λ is
the auxiliary photon mass introduced to regulate the infrared divergences. By factorizing
1In Eq. (3) [29] and Eq. (44) [30] in the coefficient of the single logarithmic term 48049/216−1679pi2/18
should be replaced by 38221/216 − 1601pi2/18. In Eq. (4) [29] and Eq. (45) [30] in the coefficient of the
single logarithmic terms 38005/216− 383pi2/18 should be replaced by 28177/216− 305pi2/18.
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the QED logarithms from the solution of the full electroweak evolution equations one gets
pure electroweak logarithms of the form ln(Q2/M2W,Z). The QED logarithms in turn form
an exponential factor. In Ref. [30] this factor has been evaluated to N3LL accuracy for
massless fermions. For our analysis we need only the NNLL approximation. In the limit
m2f  λ2  M2W,Z  s, where f 6= t stands for all the fermions except the top quark, for
the annihilation amplitude it takes the following form
U = exp
{
αe(λ
2)
2pi
[(
−
(
1−
(
76
27
+
8
9
ln
(
1− x
x
))
αe
pi
(
Ng − 1
2
)))
× ln2
( s
λ2
)
+
(
3 + 2 ln
(
1− x
x
))
ln
( s
λ2
)
− 8
27
αe
pi
(
Ng − 1
2
)
× ln3
( s
λ2
)]
+O
(
α2e ln
( s
λ2
))}
. (3.5)
Here Ng = 3 stands for the number of generations and −1/2 subtracts the top quark con-
tribution. A non-standard limit with mf  λ has been used to facilitate the procedure of
separating the QED and electroweak logarithms since it allows for the calculation with the
unbroken theory fields. The normalization of the QED factor depends on the factorization
scheme and may include nonlogarithmic corrections in αe. We chose the normalization
U(s = λ2) = 1. The corresponding expression for the scattering amplitude may be easily
obtained by crossing symmetry and analytical continuation of Eq. (3.5).
The infrared divergent virtual QED contribution should be combined with the real
photon radiation to get a physically observable infrared finite cross section. In practice,
the massive gauge bosons are supposed to be detected as separate particles. Thus it is of
little physical sense to treat the hard photons with energies far larger than MZ,W separately
because of gauge symmetry restoration. In particular, the radiation of the hard real photons
is not of the Poisson type due to its non-Abelian SU(2)L component. Therefore, we restrict
the analysis to semi-inclusive cross sections with the real emission only of photons with
energies far smaller than MZ,W , which is of pure QED nature. The standard Monte Carlo
event generators [41–43] adopt a different limit on the photon mass λ  mf . Let us now
consider the evolution of the QED factor (3.5) to the small values of λ. At every threshold
λ = mf the anomalous dimensions of the corresponding evolution equation change due to
the decoupling of the massive virtual fermion and one has to match the two solutions which
result in the logarithms of the form ln(s/m2f ) in the exponent. At the lowest threshold
λ = me there is an additional nonlogarithmic one-loop matching correction because for
λ me the electron rather than photon mass regulate collinear divergence. This matching
correction can be obtained by comparing the one-loop corrections to the vector form factor
in the two limits [15]. The result for the QED factor, which is now compatible with the
– 6 –
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s = 1 TeV
Figure 1. The one- and two-loop electroweak corrections in % to the Born cross section as function
of the scattering angle for (a)
√
s = 500 GeV and (b)
√
s = 1 TeV. The shaded area corresponds
to the region where Sudakov approximation is not reliable.
Monte Carlo event generators, reads
U =
(
1 +
αe
pi
(
−1
4
+
pi2
2
))
exp
{
αe(m
2
e)
2pi
[
− ln2
(
s
m2e
)
+ 2
(
ln
(
s
m2e
)
− 1
)
ln
(
λ2
m2e
)
+3 ln
(
s
m2e
)
+ 2 ln
(
1− x
x
)
ln
( s
λ2
)
+
αe
pi
[
− 1
9
∑
f
Q2f ln
3
(
s
m2f
)
+
(
19
18
+
1
3
ln
(
1− x
x
))∑
f
Q2f ln
2
(
s
m2f
)]]
+O
(
α2e ln
(
s
m2e
))}
. (3.6)
The sum of the virtual and real QED corrections to the cross section is finite for λ = 0
and gives a factor which depends on the Mandelstam variables, the fermion masses, and
the experimental cuts, but not on MZ,W .
Thus, in comparison to the SUL(2) model the evolution equations describing the elec-
troweak Sudakov logarithms are modified by the presence of the hypercharge interaction
and by the subtraction of the QED logarithms. All the parameters of the evolution equa-
tions are known to the NNLL approximation in the full electroweak theory including the
effect of the gauge boson mass splitting [25] and the corresponding one- and two-loop
corrections can be easily obtained. We present the result in semi-numerical form for the
following input values
α−1e (MZ) = 128 , sin
2 θW (Mz) = 0.231 , MZ = 91.2 GeV , MW = 80.4 GeV ,
(3.7)
and choose MW as the argument of the Sudakov logarithm. The high-energy asymptotic
– 7 –
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Figure 2. The one- and two-loop electroweak corrections in % to the Born cross section as
function of the center-of-mass energy for (a) θ = 50◦ and (b) θ = 90◦.
of the one-loop corrections read
dσ
(1)
2 =− 0.34 + 1.10x− 1.66x2 + 1.10x3 − 0.34x4 , (3.8)
dσ
(1)
1 = 1.21− 3.33x+ 4.99x2 − 3.33x3 + 1.21x4
+
(
0.10− 0.52x+ 0.78x2 − 0.52x3 + 0.10x4) ln(1− x)
− (0.02− 0.49x+ 2.05x2 − 2.24x3 + 0.75x4) ln(x) , (3.9)
dσ
(1)
0 =− 0.49 + 1.78x+ 2.60x2 − 5.34x3 + 2.61x4
+ 0.03
(
x− x2 + x3) ln2(1− x)
− (0.05− 0.16x+ 0.28x2 − 0.16x3 + 0.05x4) ln(1− x)
+
(
0.31− 0.24x− 0.60x2 + 0.48x3) ln2(x)
+
(
1.21− 2.51x+ 2.64x2 − 0.97x3 + 0.05x4) ln(x)
+
(
0.10− 0.44x+ 0.42x2 − 0.13x3) ln(1− x) ln(x) . (3.10)
The two-loop LL, NLL, and NNLL electroweak corrections are given by Eqs. (B.1)
in the Appendix B. The N3LL electroweak correction is sensitive to fine details of the
gauge boson mass generation and currently the exact result is not available. We evaluate
them approximately within a pure SUL(2) model considered in the previous section. The
numerical result is given by Eq. (B.2) in the Appendix B. Note that Eq. (B.2) correspond
to the decomposition (3.4) where all the coupling constants are normalized at the gauge
boson mass (cf. Eq. 2.4). In the full standard model the hypercharge interaction and gauge
boson mixing result in a linear-logarithmic contribution which is not accounted for in this
approximation. It is, however, suppressed by the small factor sin2 θW ≈ 0.2. Therefore,
the approximation gives an estimate of the coefficient in front of the linear electroweak
logarithm with 20% accuracy. As we will see, such an uncertainty in the coefficient of the
two-loop linear logarithm is negligible for practical applications.
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Figure 3. Separate two-loop logarithmic contributions in % to the Born cross section as function
of (a) the scattering angle for
√
s = 1 TeV and (b) the center-of-mass energy for θ = 50◦. The
shaded area corresponds to the region where Sudakov approximation is not relaible.
Let us now consider the numerical effect of the corrections. We plot the one- and two-
loop electroweak corrections relative to the Born cross section for the phenomenologically
interesting intervals of the center-of-mass energy and the scattering angle in Fig. 1 and 2.
For the small and very large scattering angles the Sudakov approximation is not reliable
since there either the t or u invariant is comparable with M2W,Z and the power suppressed
terms become important. In Fig. 1 the shaded regions denote the kinematic domain where
either t or u are less than 10M2Z and the Sudakov limit used in this calculation begins
to falter. The one-loop correction strongly depends on the center-of-mass energy and
scattering angle and is large and negative in the practically interesting region. Overall
the two-loop correction is positive and enters at the 1 percent level everywhere in the
angular distribution, with the largest corrections coming at θ ∼ 90◦. The breakdown of
the two-loop corrections into the individual logarithmic contributions is given in Fig. 3.
The corrections exhibit typical sign-alternating behavior with significant cancellation of
the individual logarithmic terms. For example, at
√
s = 1 TeV and θ = 50◦ the numerical
structure of the corrections read
One loop: − 3.20%

LL: −9.45%
NLL: 7.35%
N2LL: −1.09%
Two loops: 0.67%

LL: 0.62%
NLL: −0.41%
N2LL: 1.36%
N3LL: −0.90%
(3.11)
Thus a twenty percent uncertainty in the coefficient of the two-loop linear logarithm would
only induce an uncertainty on the order of one permill in the cross section.
To conclude, we have computed the dominant two-loop electroweak corrections to
high-energy wide-angle Bhabha scattering. The corrections can be as large as 10% in one
loop and 1% in two loops. Our result completes the perturbative analysis of the Bhabha
scattering necessary for the luminosity determination at the ILC.
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A Two loop results in SUL(2) model
Here we present the analytical result for the two-loop logarithmic corrections to the cross
section of Bhabha scattering in the SUL(2) model with the gauge and the Higgs boson of
the same mass M . The annihilation contribution reads
dσ
(2)
S 4 =
9
2
,
dσ
(2)
S 3 = −
143
6
− 6 ln(1− x) + 30 ln(x) ,
dσ
(2)
S 2 = −
145
4
+ 11pi2 +
89
6
ln(1− x) + 2 ln2(1− x)− 8 ln(x) ln(1− x)
− (535− 445x) ln(x)
6(1− x) +
(91− 182x+ 76x2) ln2(x)
2(1− x)2 ,
dσ
(2)
S 1 =
28411
216
− 122ζ(3) + 26
√
3Cl2
(pi
3
)
+ 15
√
3pi − (199− 127x)pi
2
6(1− x)
+
(
125
3
+
50pi2
3
+
10 ln(x)
1− x −
5(1− 2x) ln2(x)
(1− x)2
)
ln(1− x)
+
(
−1075− 1250x
6(1− x) +
(74− 148x+ 38x2)pi2
3(1− x)2
)
ln(x)
− (631− 806x) ln
2(x)
4(1− x)2 +
19(1− 2x) ln3(x)
(1− x)2 .
(A.1)
The scattering contribution reads
dσ
(2)
T 4 =
9
2
,
dσ
(2)
T 3 = −
143
6
− 6 ln(1− x)− 6 ln(x) ,
dσ
(2)
T 2 = −
145
4
+ 8pi2 +
89
6
ln(1− x) + 2 ln2(1− x)− 14 ln(x) ln(1− x)
+
(41− 131x) ln(x)
6(1− x) −
(26− 22x+ 11x2) ln2(x)
2(1− x)2 ,
dσ
(2)
T 1 =
28411
216
− 122ζ(3) + 26
√
3Cl2
(pi
3
)
+ 15
√
3pi +
(8 + 4x)pi2
1− x
+
(
125
3
+
8pi2
3
+
(17− 7x) ln(x)
1− x −
(10− 30x+ 15x2) ln2(x)
(1− x)2
)
ln(1− x)
+ 4 ln(x) ln2(1− x) +
(
1030− 505x
18(1− x) +
(80− 88x+ 44x2)pi2
3(1− x)2
)
ln(x)
+
(414− 502x+ 263x2) ln2(x)
12(1− x)2 +
(10− 22x+ 11x2) ln3(x)
(1− x)2 ,
(A.2)
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The interference contribution reads
dσ
(2)
ST 4 =
9
2
,
dσ
(2)
ST 3 = −
143
6
− 6 ln(1− x) + 12 ln(x) ,
dσ
(2)
ST 2 = −
145
4
− 17
2
pi2 +
89
6
ln(1− x) + 2 ln2(1− x)− 11 ln(x) ln(1− x)
− (247− 157x) ln(x)
6(1− x) −
(7 + 16x+ 7x2) ln2(x)
4(1− x)2 ,
dσ
(2)
ST 1 =
28411
216
− 122ζ(3) + 26
√
3Cl2
(pi
3
)
+ 15
√
3pi − 67pi
2
12
+
(
125
3
+
11pi2
3
+
(27− 7x) ln(x)
2(1− x) −
(27− 64x+ 27x2) ln2(x)
2(1− x)2
)
ln(1− x)
+ 2 ln(x) ln2(1− x)−
(
2195− 3245x
36(1− x) +
(13 + 41x)pi2
3(1− x)
)
ln(x)
− (49 + 32x− 431x
2) ln2(x)
24(1− x)2 −
(8 + 2x2) ln3(x)
(1− x)2 .
(A.3)
For the e+e− → νν¯ annihilation cross section the two-loop logarithmic corrections read
dσ
(2)
S 4 =
9
2
,
dσ
(2)
S 3 = −
143
6
+ 30 ln(1− x)− 6 ln(x) ,
dσ
(2)
S 2 = −
145
4
+ 11pi2 − 445
6
ln(1− x) + 38 ln2(1− x)− 8 ln(x) ln(1− x)
+
(107− 89x) ln(x)
6(1− x) +
(1− 2x+ 4x2) ln2(x)
2(1− x)2 ,
dσ
(2)
S 1 =
28411
216
− 122ζ(3) + 26
√
3Cl2
(pi
3
)
+ 15
√
3pi − (55− 127x)pi
2
6(1− x)
+
(
−625
3
+
38pi2
3
− 2 ln(x)
1− x +
(1− 2x) ln2(x)
(1− x)2
)
ln(1− x)
+
(
215− 250x
6(1− x) +
(14− 28x+ 50x2)pi2
3(1− x)2
)
ln(x)
+
(11− 46x) ln2(x)
4(1− x)2 +
(1− 2x) ln3(x)
(1− x)2 . (A.4)
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B Two loop electroweak numerical results
The two-loop electroweak logarithmic corrections to the Bhabha cross section to the NNLL
approximation read
dσ
(2)
4 = 0.34− 1.21x+ 1.81x2 − 1.21x3 + 0.34x4 ,
dσ
(2)
3 =− 1.43 + 3.51x− 4.81x2 + 2.91x3 − 1.07x4
− (0.16− 0.81x+ 1.22x2 − 0.81x3 + 0.16x4) ln(1− x)
− (0.18 + 0.74x− 4.23x2 + 4.91x3 − 1.71x4) ln(x) ,
dσ
(2)
2 = 5.78 + 6.42x− 20.04x2 + 8.19x3 + 3.98x4
+
(
0.05− 0.21x+ 0.30x2 − 0.21x3 + 0.05x4) ln2(1− x)
+
(
0.97− 3.27x+ 3.62x2 − 1.48x3 − 0.13x4) ln(1− x)
− (0.29 + 0.29x− 4.06x2 + 5.22x3 − 1.97x4) ln2(x)
− (3.74− 7.56x+ 9.03x2 − 4.45x3 + 0.43x4) ln(x)
− (0.88− 2.76x+ 2.13x2 − 0.10x3 − 0.28x4) ln(1− x) ln(x) . (B.1)
The numerical result for the two-loop N3LL corrections to the Bhabha cross section in the
SUL(2) model reads
dσ
(2)
1 =− 0.30 + 0.87x+ 0.41x2 − 2.21x3 + 1.24x4
+
(
4.25− 18.23x+ 36.60x2 − 35.50x3 + 12.89x4) ln(1− x)
+
(
0.63− 0.38x+ 1.88x2 − 2.13x3) ln3(x)
+
(
0.18− 0.38x− 1.75x2 − 0.03x3) ln2(x)
+
(
18.97− 10.32x+ 6.39x2 − 9.83x3 − 5.21x4) ln(x)
+
(
0.25− 0.75x+ 0.75x2 − 0.25x3) ln2(1− x) ln(x)
− (0.63− 3.56x+ 5.25x2 − 2.31x3) ln(1− x) ln2(x)
+
(
0.27− 1.60x+ 2.40x2 − 1.06x3) ln(1− x) ln(x) . (B.2)
References
[1] H.J. Bhabha, Proc. Roy. Soc. Lond. A 154, 195 (1936).
[2] S. Jadach et al., “Event Generators for Bhabha Scattering,” arXiv:hep-ph/9602393.
[3] G. Montagna, O. Nicrosini, and F. Piccinini, Riv. Nuovo Cim. 21N9, 1 (1998).
[4] S. Actis et al. [Working Group on Radiative Corrections and Monte Carlo Generators for
Low Energies Collaboration], Eur. Phys. J. C66, 585-686 (2010)
[5] N. Toomi, J. Fujimoto, S. Kawabata, Y. Kurihara, and T. Watanabe, Phys. Lett. B 429, 162
(1998).
[6] J.A. Aguilar-Saavedra et al. [ECFA/DESY LC Physics Working Group],
arXiv:hep-ph/0106315.
– 13 –
[7] M. Bohm, A. Denner, and W. Hollik, Nucl. Phys. B 304, 687 (1988), and references therein.
[8] A. Stahl, LC-DET-2005-004
[9] V.S. Fadin, E.A. Kuraev, L. Trentadue, L.N. Lipatov, and N.P. Merenkov, Phys. Atom.
Nucl. 56, 1537 (1993) [Yad. Fiz. 56, 145 (1993)].
[10] A.B. Arbuzov, E.A. Kuraev, N.P. Merenkov, and L. Trentadue, Phys. Atom. Nucl. 60, 591
(1997) [Yad. Fiz. 60, 673 (1997)].
[11] S. Jadach, M. Melles, B.F.L. Ward, and S.A. Yost, Phys. Lett. B 450, 262 (1999).
[12] Z. Bern, L. Dixon, and A. Ghinculov, Phys. Rev. D 63, 053007 (2001).
[13] E.W.N. Glover, J.B. Tausk, and J.J. Van der Bij, Phys. Lett. B 516, 33 (2001).
[14] R. Bonciani, A. Ferroglia, P. Mastrolia, E. Remiddi, and J.J. van der Bij, Nucl. Phys. B 701,
121 (2004); ibid. B716, 280 (2005).
[15] A.A. Penin, Phys. Rev. Lett. 95, 010408 (2005); Nucl. Phys. B 734, 185 (2006).
[16] R. Bonciani and A. Ferroglia, Phys. Rev. D 72, 056004 (2005).
[17] T. Becher and K. Melnikov, JHEP 0706, 084 (2007).
[18] R. Bonciani, A. Ferroglia, and A.A. Penin, Phys. Rev. Lett. 100, 131601 (2008); JHEP
0802, 080 (2008).
[19] S. Actis, M. Czakon, J. Gluza, and T. Riemann, Phys. Rev. Lett. 100, 131602 (2008).
[20] J.H. Kuhn and S. Uccirati, Nucl. Phys. B 806, 300 (2009).
[21] P. Ciafaloni and D. Comelli, Phys. Lett. B 446, 278 (1999).
[22] V.S. Fadin, L.N. Lipatov, A.D. Martin, and M. Melles, Phys. Rev. D 61, 094002 (2000).
[23] J.H. Ku¨hn, A.A. Penin, and V.A. Smirnov, Eur. Phys. J. C 17, 97 (2000); Nucl. Phys. Proc.
Suppl. 89, 94 (2000).
[24] M. Beccaria et al., Phys. Rev. D 61, 011301 (2000); D 61, 073005 (2000).
[25] J.H. Ku¨hn, S. Moch, A.A. Penin, and V.A. Smirnov, Nucl. Phys. B 616, 286 (2001); ibid. B
648, 455(E) (2002).
[26] A. Denner and Pozzorini, Eur. Phys. J. C 18, 461 (2001); ibid. C 21, 63 (2001).
[27] A. Denner, M. Melles, and S. Pozzorini, Nucl. Phys. B 662 299 (2003).
[28] B. Feucht, J.H. Ku¨hn, A.A. Penin, and V.A. Smirnov, Phys. Rev. Lett. 93, 101802 (2004).
[29] B. Jantzen, J.H. Ku¨hn, A.A. Penin, and V.A. Smirnov, Phys. Rev. D 72, 051301(R) (2005);
ibid. D 74, 019901(E) (2006).
[30] B. Jantzen, J.H. Ku¨hn, A.A. Penin, and V.A. Smirnov, Nucl. Phys. B 731, 188 (2005), ibid.
B 752 32(E) (2006).
[31] J.H. Ku¨hn, F. Metzler, and A.A. Penin, Nucl. Phys. B 795, 277 (2008) ibid. B 818, 135(E)
(2009).
[32] J. Chiu, F. Golf, R. Kelley, and A.V. Manohar, Phys. Rev. Lett. 100, 021802 (2008).
[33] J. Chiu, A. Fuhrer, R. Kelley, and A.V. Manohar, Phys. Rev. D 80, 094013 (2009).
[34] J.H. Kuhn, F. Metzler, A.A. Penin, and S. Uccirati, JHEP 1106, 143 (2011).
[35] V.V. Sudakov, Zh. Eksp. Teor. Fiz. 30, 87 (1956).
– 14 –
[36] R. Jackiw, Ann. Phys. 48, 292 (1968); 51, ibid. 575 (1969).
[37] A.H. Mueller, Phys. Rev. D 20, 2037 (1979).
[38] J.C. Collins, Phys. Rev. D 22, 1478 (1980).
[39] A. Sen, Phys. Rev. D 24, 3281 (1981); ibid. D 28, 860 (1983).
[40] G. Sterman, Nucl. Phys. B 281, 310 (1987).
[41] G. Balossini, C. M. Carloni Calame, G. Montagna, O. Nicrosini, and F. Piccinini, Nucl.
Phys. B 758, 227 (2006).
[42] S. Jadach, W. Placzek, and B.F.L. Ward, Phys. Lett. B 390, 298 (1997).
[43] A.B. Arbuzov, G.V. Fedotovich, E.A. Kuraev, N.P. Merenkov, V.D. Rushai, and
L. Trentadue, JHEP 9710, 001 (1997).
– 15 –
